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We investigate the fermionic quasiparticle branch of superfluid Fermi gases in the BCS-BEC
crossover and calculate the quasiparticle lifetime and energy shift due to its coupling with the
collective mode. Close to the minimum of the branch the quasiparticles are undamped, allowing
us to find the energy correction in a self-consistent way, that we express in experimentally relevant
quantities such as the energy gap, location of the minimum, effective mass, and Landau critical
velocity.
Introduction—The notion of quasiparticles is an essen-
tial tool for the study of interacting many-body systems.
Within this formalism, the many-body problem can be
considerably simplified by introducing weakly interacting
elementary excitations above a known ground state. It is,
however, generally known that fermionic quasiparticles
in an interacting Fermi system are only well-defined in a
small region around the Fermi level, and that elsewhere
they acquire a finite lifetime, even at zero temperature
[1]. In a superfluid, the fermionic branch, which can be
interpreted as pair breaking excitations, obtains a finite
energy gap described by BCS theory [2], and the sys-
tem exhibits a bosonic mode representing the collective
motion of fermion pairs [3]. In this Letter, we identify
the coupling of the fermionic quasiparticles to the col-
lective mode as the mechanism responsible for their fi-
nite lifetime away from the Fermi level, and compute the
corresponding damping rate and energy shift from first
principles.
Ultracold atoms have proven to be an ideal testing
ground for studying many-body systems [4]. In partic-
ular, two-component gases of fermionic atoms have pro-
vided a strong foundation for the research on Fermi su-
perfluids [5]. As Feshbach resonances offer the possibility
to tune the interaction between the fermions [6], a whole
range of superfluid systems can be studied, from a weakly
interacting BCS-type superfluid to a Bose-Einstein con-
densate (BEC) of tightly bound dimers. Because of this,
ultracold Fermi gases have been extensively studied ex-
perimentally [7–11] in the last decades. Measurements of
the quasiparticle spectrum using rf-spectroscopy [12] and
momentum-resolved rf-spectroscopy [13], in particular, of
the quasiparticle gap [14] are already available. Theoret-
ically, great efforts have been made to describe the equa-
tion of state beyond the mean-field theory [15, 16], to
obtain the bosonic collective mode spectrum [3, 17–21],
and to correct the order parameter [22, 23]. Some stud-
ies have looked at beyond mean-field corrections to the
single-particle Green’s function [24, 25], identifying the
coupling to the collective mode as the most important ef-
fect [25], but could not extract the corrected eigenenergy
and damping rate; moreover, their numerical approaches
suffered limitations, predicting in particular a finite life-
time of the quasiparticles near the dispersion minimum.
Here, we aim to fill this gap by analytically studying the
coupling of the fermionic branch with the bosonic collec-
tive mode, modifying its dispersion in the entire BCS-
BEC crossover. As expected, we find the quasiparticles
to be well-defined around the Fermi level, while their
lifetime becomes finite away from the energy minimum.
The correction is perturbative in both the BCS and the
BEC limit, expressing a vanishing damping rate in these
limits.
Quasiparticle Hamiltonian— We study a gas of neu-
tral fermionic atoms of mass m in two different hyper-
fine states, interacting via an attractive contact potential,
fully characterized, at low energy, by its s-wave scattering
length a. Instead of using the full microscopic Hamilto-
nian, we describe the weakly-excited state of the system
in terms of its quasiparticles. Specifically, we use an ef-
fective Hamiltonian derived from first principles that de-
scribes the fermionic quasiparticles and their coupling to
the Anderson-Bogoliubov bosonic collective modes [19]
Hˆqp =
∑
k
ǫkγˆ
†
kγˆk +
∑
q
~ωqbˆ
†
qbˆq
+
1√
V
∑
k,q
(
Ak−q,qbˆ†q +Ak,−qbˆ−q
)
γˆ†k−qγˆk. (1)
Here, the first term describes the BCS quasiparticles with
creation (annihilation) operators γˆ†k (γˆk) and energy ǫk =√
ξ2k +∆
2, with ξk =
~
2k2
2m −µ the free-fermion dispersion
relation, ∆ the mean-field order parameter and µ the
chemical potential. The second term in Eq. (1) represents
the free bosonic collective modes, calculated within the
RPA or Gaussian pair fluctuations (GPF) approximation
[3, 15, 26], with operators bˆ†q, bˆq; their eigenenergy ~ωq
is the only real root of the gaussian fluctuation matrix
detM(ωq,q) = 0 [3], with
M
±±
(ω,q)=
1
2V
∑
k
[
ǫk++ ǫk−
ǫk+ǫk−
ǫk+ǫk−+ ξk+ξk−±∆2
~2ω2 − (ǫk+ + ǫk−)2 +
1
ǫk
]
M
+−
(ω,q)=
~ω
2V
∑
k
1
ǫk+ǫk−
ǫk+ξk− + ξk+ǫk−
~2ω2 − (ǫk+ + ǫk−)2 (2)
and k± = k ± q/2. Finally, the second line of Eq. (1)
describes the three-body coupling between the fermionic
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FIG. 1. The self-energy diagram contributing to the correc-
tion of the unperturbed fermionic quasiparticle Green’s func-
tion G0k(ω) (full line) by emission of a boson with Green’s
function D0q(ν) (dashed line). The vertex factor is determined
by the coupling amplitude Ak−q,q, depicted by a solid dot.
By resumming this diagram, we obtain the corrected Green’s
function of Eq. (4).
quasiparticles and the collective modes, for which the
coupling amplitude is given by
Ak,q =
w+kq
√
M++(ωq,q) + w
−
kq
√
M−−(ωq,q)√
− 2
~
∂
∂ωdetM(ω,q)
∣∣
ω=ωq
, (3)
with the weights w±kq = (
√
(1 − ξk/ǫk)(1 + ξk+q/ǫk+q)±√
(1 + ξk/ǫk)(1 − ξk+q/ǫk+q))/2. In the effective Hamil-
tonian of Eq. (1), we only take into account the process of
emission or absorption of Anderson-Bogoliubov bosons,
and omit higher-energy processes such as couplings to
the Popov-Adrianov (or sometimes Higgs) bosons in the
pair-breaking continuum [17, 20], or four-fermion inter-
actions. The decay channels not taken into account in
our description will lead to a non-negligible contribution
only when the quasiparticle energy is at least 3∆. The
process described by Hˆqp (see Fig. 1) is then the only
relevant one at zero temperature as long as the fermion
energy stays below 3∆.
Energy corrections—To study the fermionic branch we
compute its Green’s function, which contains all the in-
formation on the quasiparticle. At zero temperature, the
collective modes are unoccupied, which forbids the ab-
sorption of a boson by the fermionic quasiparticle. In this
way, the only second order diagram contributing to the
Green’s function is the self-energy shown in Fig. 1, where
the fermion emits and reabsorbs a boson. By introducing
the unperturbed quasiparticle Green’s functionsG0k(ω) =
(ω−ǫk+i0+)−1 (fermion) and D0q(ν) = (ν−~ωq+i0+)−1
(boson), we can resum the diagram of Fig. 1 to obtain
the complex quasiparticle Green’s function
Gk(z) =
(
z − ǫk − 1
V
∑
q
|Ak−q,q|2
z − ǫk−q − ~ωq
)−1
. (4)
The poles of the Green’s function G−1k (zk) = 0 are the
eigenenergies of fermionic quasiparticles dressed by their
interactions with the boson bath. When the coupling
amplitude A is small, one can replace z by ǫk + i0+ in
the last term between brackets of Eq.(4), to obtain the
energy correction z
(2)
k = E
(2)
k − i~Γk/2 to second order
perturbation theory:
E
(2)
k
= ǫk +
1
V
P
∑
q
|Ak−q,q|2
ǫk − ǫk−q − ~ωq , (5)
~Γk =
2π
V
∑
q
|Ak−q,q|2 δ
(
ǫk − ǫk−q − ~ωq
)
. (6)
The resonance condition ǫk−ǫk−q−~ωq = 0 in (6) is sat-
isfied provided ǫk is inside the boson emission continuum
{ǫk−q+~ωq,q}, that is strictly superior to the threshold
energy ǫth = minq[ǫk−q + ~ωq], which is also the lower
edge of the branch cut of Gk(z) [27].
Close to the minimum k0 of the unperturbed fermionic
branch, the group velocity of the quasiparticle is smaller
than the sound velocity c of the collective mode
|∂ǫk/∂k| < ~c. For these values of k, the minimum
minu[ǫk−q+~ωq] over the scattering angle u = k ·q/kq is
a strictly increasing function of q, starting from its low-
est value ǫk in q = 0, such that ǫth = ǫk and the decay
by emission of collective modes is energetically forbidden
[19, 25]. The perturbative damping rate is zero (Γk = 0)
and we find correspondingly a real pole of Gk, indicating
that the quasiparticles, despite their renormalisation by
the bosonic bath, remain well-defined close to the mini-
mum of their dispersion.
When the group velocity |∂ǫk/∂k| becomes larger than
~c (which can happen in both the increasing [k > k0] and
decreasing parts [k < k0] of the BCS branch), the unper-
turbed energy ǫk becomes greater than ǫth and the reso-
nance condition of Eq. (6) can be satisfied. Although the
perturbative damping rate Γk becomes nonzero, the self-
consistent solution zk below ǫth remains real for larger
values of |k − k0|. Eventually, zk also enters the contin-
uum and becomes imaginary, which results in a broad-
ened peak in the spectral function ε 7→ Im[Gk(ε+ i0+)].
In Fig. 2, we illustrate this by plotting ε 7→ ImGk(ε+
i0+) at unitarity (1/kFa = 0, where kF is the Fermi
wavenumber) as a function of ε and k. We superimpose
the eigenenergy zk obtained by self-consistently solving
for the real pole of the Green’s function below ǫth, and
the perturbative result E
(2)
k of Eq. (5), which remains
fairly close to zk everywhere. Once the self-consistent
solution hits the continuum, the exact resonance of Gk
turns into a broadened peak at energies ε > ǫth. The per-
turbative damping Γk becomes nonzero at k = kth with
|∂ǫk/∂k|k=kth = ~c. It is then highly peaked when the
energy ǫk is around 3∆. This could suggest that higher
order processes that we excluded from our Hamiltonian
Hˆqp in Eq. (1) become important. At higher wavenum-
bers, E
(2)
k approaches the mean field result (as does the
maximum of Im[Gk(ε + i0
+)]). This is not a surprise
since the coupling A is comparatively small in the limit
k →∞.
BCS and BEC limits— The perturbative treatment
Eqs. (5)–(6) (already close to the self-consistent solution
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FIG. 2. (Color online) The imaginary part of the quasipar-
ticle Green’s function of Eq. (4) is shown as a function of the
wavenumber k and energy ε in units of ∆. It is nonzero only
above the threshold energy ǫth, shown as a solid gray line.
The mean field energy ǫk is shown as a dotted black line, the
perturbative eigenfrequency E
(2)
k as a dashed blue line, and
the perturbative damping rate Γk as a solid blue line. The
latter is nonzero only for k > kth ≃ 1.17
√
2m∆/~ (indicated
by the vertical dashed dotted line) with |∂ǫk/∂k||k=kth = ~c.
Below the threshold energy, a self-consistent energy zk can
be found until k ≃ 1.62√2m∆/~ > kth (red solid line). It
remains relatively close to the perturbative energy.
at unitarity) gives asymptotically the exact solution of
G−1k = 0 in the BCS and BEC limits (∆/|µ| → 0). In
the BCS limit, the bosonic wavenumbers should be ex-
pressed in units of ∆/~c, such that the dispersion ~ωq/∆
becomes a universal function of q˜ = ~cq/∆ [28]. The en-
ergy correction |zk − ǫk| is of order ∆2/µ2:
z
(2)
k − ǫk
∆
=
∆2
µ2
1
V
∑
q˜
(w−kq)
2
K(q˜)
∆
ǫk −ǫk−q −~ωq +i0+ , (7)
with K(q˜) = −32~∆/(3√3mkF)∂M++/∂ω|ω=ωq a uni-
versal function of q˜. The smallness of the correction was
expected since BCS theory becomes quantitatively valid
in this limit. In the BEC limit, the energy should be
scaled to the chemical potential |µ| and analytic results
are available for the collective mode dispersion [3] at ar-
bitrary momentum q. Consequently, the energy E
(2)
k and
damping rate Γk of Eqs. (5-6) can be computed analyti-
cally, resulting in
z
(2)
k − ǫk
|µ| =
∆2
|µ|2
2k˜2 − 6− 8ik˜
k˜4 + 10k˜2 + 9
, (8)
with k˜ = ~k/
√
2m|µ|. The quasiparticle lifetime, which
is also the lifetime of the bosonic dimers of ↑ / ↓ fermions,
thus diverges like µ2/∆2.
In Fig. 3 we examine the perturbative damping rate
Γk of Eq. (6) in the BCS and BEC limits. In the BCS
limit, the undamped region lies around k0 ≈ kF and its
width in units of kF tends to zero like ∆/εF. Outside
this region, a highly peaked behavior can be observed,
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FIG. 3. (Color online) The perturbative damping rate Γk
of Eq. (6) for different interaction regimes. In panel (a) the
damping rate as a function of ξk = ~
2k2/2m−µ at µ/∆ = 10
(full red line) is rescaled to compare with the universal be-
havior in the BCS limit (dotted blue line), where the damp-
ing rate vanishes as ∆2/µ2, according to Eq. (7). Panel (b)
shows the damping rate in the BEC regime as a function of
~k/
√
2m|µ| for µ/∆ = −5 (full red line), and µ/∆ = −1
(dashed orange line). The dotted blue line represents the
BEC limit of Eq. (8).
which, as in the unitary case, occurs when the energy
is of order 3∆. In the BEC limit, the undamped region
lies around k0 = 0, while the threshold wavenumber van-
ishes as ~kth/
√
2m|µ| = ∆/4|µ|. As a function of k, the
damping rate smoothens, and exhibits a 1/k3 tail at high
k.
Quadratic dispersion near the minimum— To ana-
lyze the characteristics of the corrected fermionic energy
branch, we fit a quadratic dispersion
ǫfitk = ǫ
∗ +
~
2(k − k∗m)2
2m∗
(9)
to the minimum of the energy. This allows us to extract
the most interesting features of the energy correction, in
the region where the description in terms of quasiparti-
cles is certainly accurate. Concretely, these parameters
represent the effective energy gap ǫ∗, the location of the
minimum of the branch k∗m and the effective mass m
∗.
In Fig. 4 we present these fitting parameters in the BCS-
BEC crossover for both the self-consistent energy solution
and the perturbative energy correction, comparing with
the mean-field version of Eq. (9) obtained by expanding
the BCS energy ǫk around its minimum. All parame-
ters tend to the mean-field result in the BCS and BEC
limits, confirming that the energy correction is perturba-
tive for ∆/|µ| → 0. Additionally, the differences between
the self-consistent and perturbative results are never sub-
stantial, although perturbation theory somewhat overes-
timates the correction. The interaction with the bosonic
collective mode lowers the fermionic energy gap ǫ∗, which
is to be expected as it is generally known that the mean-
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FIG. 4. (Color online) The minimum of the corrected
fermionic energy branch is fitted to a quadratic dispersion.
The dimensionless (a) inverse effective mass m/m∗, (b) loca-
tion of the minimum ~k∗m/
√
2m∆, and (c) energy gap ǫ∗/∆
are shown as a function of both the inverse scattering length
1/kFa [15] on the bottom x-axis and µ/∆ on the top x-axis.
The full curves represent the fitting parameters to the self-
consistent (SC) energy solution zk, while the dashed lines re-
veal the perturbative (Pert) results, and the dotted lines the
mean-field (MF) results. The thin vertical black lines in each
figure specify the critical values of the interaction after which
the minimum of the energy is located at k = 0, in their re-
spective line styles. Moreover, the BCS and BEC asymptotes
are drawn for the energy gap in the inset.
field theory exaggerates the gap. At unitarity, we find
ǫ∗ ≃ 0.88∆ ≃ 0.41ǫF (using the GPF equation of state
[15]), close to the experimental result ∆ = 0.44ǫF [14],
and k∗m ≃ 1.01
√
2m∆/~ ≃ 0.69 kF. We furthermore see
that the location k∗m of the energy minimum reaches 0 at
some critical value µ/∆ ≃ −0.26, depicted by a vertical
line on Fig. 4, corresponding to 1/kFa ≃ 0.56. The fact
that this happens while the chemical potential is already
negative has been theoretically predicted before [25].
Critical velocity— Another interesting characteriza-
tion of the fermionic branch is its Landau critical ve-
locity, which determines the maximal velocity for fric-
tionless flow at T = 0 in a superfluid. As there
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FIG. 5. (Color online) We compare the fermionic criti-
cal velocity vf computed with the self-consistent (red line)
and perturbative (blue line) energy with the mean-field result
(dotted line). The full critical velocity vc will be given by
the minimum of vf and the sound velocity c, which is shown
in dashed dotted blue. In dashed lines, we show the critical
velocity vquadf obtained from the quadratic fit (9).
are two branches of elementary excitations in a super-
fluid Fermi gas, the critical velocity will be given by
the smallest of the two velocities vc = min[vf , c], with
vf = mink1,k2(εk1 + εk2)/~|k1 + k2| the fermionic crit-
ical velocity [29]. Using the corrected energies zk and
E
(2)
k , we plot this velocity in Fig. 5 and compare to the
mean-field result vMFf (∆, µ) = [(
√
∆2 + µ2 − µ)/m]1/2
[3]. In the BCS limit the critical velocity is reached
for k close to kF and we can use the effective quadratic
dispersion (9) near the minimum to compute it. This
yields m∗vquadf =
√
2m∗ǫ∗ + (~k∗m)
2 − ~k∗m, from which
we can extract the first deviation to the mean-field ve-
locity vf
vMF
f
= ǫ
∗
∆ +O(
∆
µ )
3 ≃ 1− 0.5(∆µ )2 +O(∆µ )3.
Conclusion— We have corrected the fermionic quasi-
particle branch by including its interaction with the
bosonic collective mode. At low energy, this is the only
relevant decay channel, thus giving the sole contribution
to the damping of the single-particle excitations. We
have computed this damping rate in the entire BCS-BEC
crossover, extracting in particular its limiting behavior
in the BCS and the BEC limit. Close to the minimum
of the branch, we find real poles of the corrected Green’s
function, indicating well-defined quasiparticles. From the
corrected energy, we have computed the energy gap, the
location of the energy minimum, and the effective mass,
in good agreement with the existing experimental results.
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